
Journal of Modern Trends in Physics Research 

Online ISSN 2636-4220 

DOI: 10.19138/mtpr/(14)162-173  
Accepted: 2014-12-19         

 

M. Ismail et al. (2014), The energy dependence on the density depression parameter, J. Modern Trends in Phys. R., Vol. 14 162-173  
https://doi.org/10.19138/mtpr/(14)162-173  162 

The energy dependence on the density depression 

parameter 

M. Ismail1, A. Y. Ellithi1, M. M. Botros1, Walaa M. T. Abd-Alaa2 

  
1 Department of physics, Faculty of Science, Cairo University, Giza, Egypt. 
2 Department of physics, Faculty of Engineering 6th October University. 

Abstract- A semi-microscopic approach based on Skyrme energy density functional is used to study the effect of the 

depression parameter (β) of the density distribution of protons and neutrons on the total energy of nuclei with proton 

number Z = 18, 114, 116 and 120. For each element, two isotopes are considered.  The variation of the contribution 

of the total energy parts with the depression parameter is studied. For super heavy nuclei, the variation of the lowest 

total energy curve with β has a shallow minimum, which occurs at negative value of β, suggesting that, these nuclei 

prefer large values of density at of their centers, these nuclei gain about 15 MeV in their binding energies within the 

β range considered.  For the lightest Ar nucleus, the minimum is clear and occurs at positive value of β 
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1. INTRODUCTION: 

The synthesis of super heavy elements (SHE’S) was and still an outstanding research object [1], exploration of the 

domain of superheavy nuclei (SHN) has been pursued for a long time and the limits on stability and feasibility of 

creating these heavy nuclei have been under test [1]. The progress in experimental techniques has drawn the attention 

and opened up the field once again for further improvements in theoretical studies and predictions for superheavy 

nuclei. Physics of the structure of these nuclei has been very intense in recent years [2]. Microscopic calculations show 

that some of light and SHN has central depression in their density distributions. As an example, as an extreme case of 

central depressed nuclear density, the nuclear bubble has attracted great attention [3]. Self consistent microscopic 

calculations find a central depression in the nuclear density distribution which generates a wine-bottle shaped 

nucleonic potential, its magic numbers differ from flat bottom potentials.        

In this paper, we deal with a semi-microscopic, but not self- consistent model, which uses the Skyrme 

nucleon-nucleon interaction in the semi-classical extended Thomas-Fermi approach (ETF) to obtain the macroscopic 

energy part which depends on nuclear density in the presence of the depression parameter. In the present calculations, 

we neglect the shell plus pairing corrections due to the complexity of their calculations in the presence depression 

parameters. The Skyrme energy density functional is applied to make the study of the total energy, for a series of 

nuclei (Light and superheavy), in presence of the depression parameter in the density distribution of protons and 

neutrons. This method has the advantage of being much faster and giving more information than the Hartree-Fock 

(HF) calculations carried out to date. 

2. THEORETICAL FRAMEWORK 

   In the framework of ETF approach together with a Skyrme effective nucleon - nucleon interaction, the total 

energy density functional of a nucleus can be derived systematically. This energy density functional is widely used in 

studying the nuclear ground state properties [4].  

      Thus, we take the Skyrme-Hartree–Fock (Skyrme-HF) formalism of the energy density functional [4] and we 

calculate the total energy in the presence of the depression parameter β in the density distributions of protons and 

neutrons. In this approach, the total energy of a nucleus is  

[4,5].                                                   𝐸 =  ∫ H(r) 𝒹3𝑟                                                 (1) 

       The energy density functional H(r)  includes the kinetic, nuclear and Coulomb interaction energy parts.  
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                                   H(r)  =
ℏ2

2m
 [τp(r⃑)  + τn(r⃑) ] +  HSky(r⃑) + HCoul(r⃑)      (2) 

 

     For the kinetic energy part, ETF approach including all terms up to second order in the spatial derivatives, is applied 

as [6], with the effective-mass form factor. 

                  

                        𝑓𝑖 (r⃑) = 1 +
2m

ℏ2  (
3t1+5t2

16
 +   

t2x2

4
 ) 𝜌𝑖 (r⃑)    (𝑖 =  𝑛, 𝑝)           (3) 

 

where  𝑡1 , 𝑡2 and 𝑥2are the Skyrme-force parameters. 𝜌𝑖 (r⃑) denotes the proton or neutron density of the nucleus and 

it is given by the three-parameter Fermi (3PF) distribution which takes the form [7]   

                   𝜌𝑖 (r⃑) =  𝜌𝑖
0   

{𝛼+𝛽𝑖(
𝑟

𝑅𝑖
0)

2

}

 1+    𝑒

𝑟−𝑅𝑖
0

𝑎

      (𝑖 =  𝑛, 𝑝)                   (4) 

such that, the total nuclear density   𝜌(𝑟) = 𝜌𝑝(𝑟) + 𝜌𝑛(𝑟)  , 𝜌𝑖
0  is the normalization constant for protons (i=p) and 

neutrons (i=n),𝛼 , is a constant (𝛼  = 0.9). 𝛽 is the depression parameter and we take its range as (-0.2 to 0.6). The 

greater values of 𝛽𝑖 is, the more depressed central density. 𝑅𝑖
0  is the density radius parameter of protons or neutrons 

such that:  

                                                𝑅𝑝
0 = 1.28 𝐴

1

3 − 0.76 +  0.8𝐴−
1

3                     (5) 

                                                 𝑅𝑛
0 =  𝑅𝑝

0 +  ∆𝑅                                              (6) 

where A is the mass number, ∆𝑅 = 0.2 fm is the neutrons skin thickness which is adjusted to fit the experimental data. 

The kinetic energy densities   𝜏𝑖(𝑟) are given by 

𝜏𝑖(𝑟) =   
3

5
 (3𝜋2)

2
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5
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1

36
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2

𝜌i
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1

3
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1
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  ∇𝜌i ∇𝑓 i  + 𝜌i∆ 𝑓 i  
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1

12
𝜌i (
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𝑓 i  
)

2
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1

2
 𝜌i (

2m ω0∇ ( 𝜌+  𝜌i) 

2 ℏ2 𝑓 i  
)

2

                         (7)          

where ω0 
denotes the strength of the Skyrme spin-orbit interactions, while 

p n  = +
 
. 

The nuclear part of the Skyrme–Hamiltonian densityHSky(r⃑)
 
reads, [8] 

ℋ𝑠𝑘𝑦(𝑟)  =  
𝑡0

2
 [(1 +

1

2
𝜒0) 𝜌2 – (𝜒0 +

1

2
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 where  t0 , t1 , t2 , t3, χ
0 ,

 χ
1

  , χ
2

  , χ
3,

, 𝛾 , ω0     are the Skyrme-force parameters. The use of effective Skyrme forces in 

investigating the properties of nuclear systems facilitates the numerical calculations considerably. For the Skyrme 

forces, there are several sets of parameters usually adjusted to the different mass regions or different observables. 

The frequently used sets are, SK III [9], SKM* [10], SKP [11] or SLY6 [12]. The total binding energy of nuclei is 

calculated in the present paper using SKM* set of parameters, since it is very successful for describing the bulk and 
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surface properties of nuclei. It is a well known fact that, an ETF calculation with a reasonable effective interaction 

reproduces the   experimental binding energies with a very good accuracy. 

     Although the correct description of nuclei, one has to add to the nuclear and kinetic energies and the direct and 

exchange contributions of the Coulomb interaction energy. In our calculations we deal only with the direct part of 

Coulomb energy in presence of the depression parameters 𝛽, [8]. 

              𝐸𝐷 
𝐶 = ∫ 𝑑𝑟1  ∫  𝑑𝑟2  υ(s) ρp(𝑟1) ρp(𝑟2)                                             (9) 

 

where  υ(s) is the Coulomb potential between two protons and (s) is their separation distance.  

 3. NUMERICAL RESULTS AND DISCUSSION 

      The total energy composed of three contributions namely, Coulomb energy given by equation (9), kinetic energy 

and nuclear potential energy given respectively by the equations  

                            𝐸𝐾 =
ℏ2

 2m
  ∫⌊𝜏𝑝(r⃑)  +  𝜏𝑛(r⃑)⌋ 𝑑r⃑                                                       (10) 

                         𝐸𝑝𝑜𝑡 =   ∫ HSky(r⃑) 𝑑r⃑                                                                        (11) 

     We study the variation of the total energy for a number of nuclei with depression parameter of protons 𝛽𝑝
 
and 

neutrons  𝛽𝑛. For each nucleus, we deal with two isotopes and take their values as variation parameters to obtain the 

lowest total energy for each isotope.  

       3.1 The two isotopes 286Fl   and   300Fl   

The dependence of the total energy, 𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝐶 + 𝐸𝐾 + 𝐸𝑃𝑜𝑡. of 286Fl  on 𝛽𝑝
 
 and   𝛽𝑛 is presented on figure (1). 

The minimum value of the lowest energy curve is the binding energy of the nucleus. As   𝛽𝑛 or 𝛽𝑝 increases from (-

0.2 to 0.6), both the Coulomb and kinetic energies are decreasing while the potential energy increases by an amount 

depends on the value of   𝛽𝑛 and 𝛽𝑝. The competition between sum (𝐸𝑘 + 𝐸𝐶  ) and potential energies produce the 

curves in the figure. The minimum of the lowest energy curve occurs at  𝛽𝑛 = - 0.2 and    𝛽𝑝 = -0.15 and the binding 

energy is about -1990 MeV corresponding to about 6.96 MeV per nucleon. The nucleus gains about 15 MeV in its 

binding energy due to the existence of 𝛽 parameters.  

        Figure (2) is the same as figures (1), but for the heavier isotope 300Fl  whose number of neutrons N=186, exceeds 

the protons number by a factor 1.63.  The figure shows that the lowest value of the total energy occurs at   𝛽𝑛= - 0.2, 

  𝛽𝑝= -0.2 with value -2079 MeV, corresponding to about 6.93MeV per nucleon. The nucleus gained about 14 MeV 

in its binding energy due to the existence of depression parameter. 

It is interesting to study the variation of the three contributions of total energy with both depression parameter 

and nuclear radius.  Figures (3) show this study for the SHN 300Fl. For specific value of nuclear radius, both the 

Coulomb and kinetic energies decrease with increasing 𝛽 while the Skyrme potential energy increases (become more 

repulsive) as 𝛽 increases. When the radius of the nucleus increases the curves representing the Coulomb and kinetic 

energies are lowered (as shown on figures (3a) and (3b) respectively), while the potential energy lines are raised up 

(as shown in figure (3c)). The lines representing the Coulomb, kinetic and potential energy variation with 𝛽  parameter 

for each value of nuclear radius are almost parallel. Figure (3d) displays the 𝛽-variation of the total energy at different 

values of the radius parameter. As the value of radius increases, the nucleus becomes less bound. It should be noted 

that for the 300Fl element the variation of the low total energy curves is too slow and the minimum (if exists) is too 

shallow. For these curves, the total energy is not sensitive to the  𝛽 variation.  

            3.2 The two SHE’S Z=116 and Z=120. 

 Similarly to the previous section, we calculate the total energy curves for the two superheavy isotopes 
280116  and

300116  and the two isotopes  
288120  and

304120 , the results are shown in figures (4) and (5) respectively. We note 

that for the two isotopes of each element, the variation of 𝐸𝑡𝑜𝑡𝑎𝑙with 𝛽
 
 has no clear minimum, and when it exists it is 

too shallow. This behavior is the same as for the isotopes of Fl element in the previous section. The lowest energy 
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curve has minimum occurs at (𝛽𝑛 , 𝛽𝑝) = (-0.2, -0.1) for 
280116  , (-0.2, -0.15) for

300116 , (-0.2 -0.10) for 
288120  

and at (-0.2,-0.15) for the isotope
304120 . The values predicted for binding energies of 

280116 , 
300116 ,

288120  and 

304120  are  -1931, -2074, -1955 and -2067 MeV ,respectively, corresponding to binding energies per nucleon 6.87, 

6.91, 6.79 and 6.80 MeV per nucleon. 

     3.3 The two light isotopes 36Ar and 46Ar. 

In this section, we consider two isotopes of lighter nucleus Ar. Figures (6a) and (6b) show the variation of the total 

energy of 𝐴𝑟18
36  and 𝐴𝑟18

46  respectively with depression parameter  𝛽𝑝 = 𝛽𝑛 = 𝛽. The two curves have the same 

behavior, the difference between one isotope and another is the minimum value of the total energy. The minimum in 

case of  𝐴𝑟18
46  is not clear as that in the other isotope 𝐴𝑟18

 36 . The behavior of the total energy curves for Argon isotopes 

differs from that of the heavier nuclei considered in the previous sections, the clear minimum value for each curve of 

Ar is located at a positive value of  𝛽
 
indicating that the nucleus gains much binding when its density at the center is 

depressed. For 𝐴𝑟18
36  the minimum occurs at about  𝛽 = 0.15 at its value is -293MeV corresponding to binding energy 

per nucleon of -8.1 MeV. For the neutron rich isotope  𝐴𝑟18
46  , the minimum is shallow and located at about  

𝛽 = 0.47 and its value is about -368 MeV corresponding to binding energy per nucleon of -8.0 MeV 

 

4.  SUMMARY AND CONCLUSIONS 

We studied the dependence of total energy of a nucleus on the depression parameter 𝛽
 
 for the superheavy 

nuclei with atomic number Z= 114, 116 and 120 and the light nucleus Argon. For each element, we considered two 

isotopes and showed the variation of different contributions of the total energy (kinetic, Coulomb and potential energy) 

with the depression parameter of the density distribution. Each energy part is affected by varying the depression 

parameter. Both Coulomb and kinetic energy contributions decrease with the increase of the value of the parameter 𝛽. 

The nuclear potential contribution behaves inversely with increasing 𝛽, i.e. potential energy becomes less attractive 

with increasing the value of  𝛽. This competition between kinetic energy and Coulomb energy from one side and 

potential from the other side controls the behavior of the total energy curve with 𝛽
 
variation; it may have a clear 

minimum value at a certain value of the parameter 𝛽. For superheavy nuclei, the minimum in the total energy curves 

are always shallow and occur at negative values of 𝛽
 
 i.e. these nuclei prefer large value of the density at their centers. 

For the light 30 ,46Ar nucleus, the minimum is clear and occurs at positive value of depression parameter 𝛽. 
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                  Figure (1): The variation of the total energy (sum of kinetic, nuclear and Coulomb energies) of SHE 286Fl, 

               with proton depression parameter 𝛽𝑝 at 5-values of neutron depression parameter𝛽𝑛. 
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             Figure (2): is the same as Figure (1), but for the heavier isotope300Fl. 
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Figure (3a): The variation of Coulomb energy of 300Fl nucleus with depression parameter 𝛽. 
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Figure (3b): The variation of the kinetic energy with depression parameter 𝛽  for 300Fl nucleus.  
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Figure(3c): The variation of potential energy of 300Fl nucleus with depression parameter 𝛽. 
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Figure (3d): The variation of the total energy (sum of the kinetic, nuclear and Coulomb energies) of SHE 300Fl, without shell and pairing energy 

corrections, with depression parameter 𝛽. 
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Figure (4a): The variation of the total energy (sum of the kinetic, nuclear and Coulomb energies) of SHE
280116  without shell and pairing energy 

corrections, with proton depression parameter 𝛽𝑝. 
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Figure (4b): is the same as Figure (4a), but for the SHE
300116 . 
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Figure (5a): Is the same as Fig. (4a), but for the SHE
288120 . 

 

 
 

 

 
 

 

 

-0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
-2080

-2060

-2040

-2020

-2000

-1980

-1960

-1940

E
to

ta
l M

eV

p

 n= -0.2

 n= 0.0

 n= 0.2

 n= 0.4

 n= 0.6

Z=120

A=304

 

https://doi.org/10.19138/mtpr/(14)162-173
http://www.mtpr.pub/


Journal of Modern Trends in Physics Research 
Online ISSN 2636-4220 

DOI: 10.19138/mtpr/(14)162-173  
Accepted: 2014-12-19         

 

M. Ismail et al. (2014), The energy dependence on the density depression parameter, J. Modern Trends in Phys. R., Vol. 14 162-173  
https://doi.org/10.19138/mtpr/(14)162-173  171 

 

 

 

 

Figure (5b): is the same as Fig. (4a), but for the SHE
304120 . 
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Figure (6a): The variation of the total energy (sum of the kinetic, the nuclear and the Coulomb energies) of the 
36

18 Ar  nucleus, without shell 

and pairing energy corrections, with depression parameter 𝛽. 
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Figure (6b): is the same as Fig. (6a), but for the  
46

18 Ar  nucleus. 
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